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RECONSTRUCTION OF FUNCTION FIELDS
by
Fedor Bogomolov and Yuri Tschinkel
ABSTRACT. — We study the structure of abelian subgroups of Galois groups of func-
tion fields of surfaces.
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Introduction
We fix two primes p and ℓ. We will assume that ℓ 6= p and p 6= 2. Let
k = Fp be an algebraic closure of the finite field Fp. Let X be an algebraic
variety defined over k and K = k(X) its function field. We will refer to
X as a model of K. Let Pic(X) be the Picard group, NS(X) the Ne´ron-
Severi group of X and GaK the abelianization of the pro-ℓ-quotient GK of the
absolute Galois group of K. Under our assumptions on k, GaK is a torsion
free Zℓ-module. Let GcK be its canonical central extension - the second lower
central series quotient of GK . It determines the following structure on GaK : a
set ΣK of distinguished (primitive) subgroups which are isomorphic to finite
rank (torsion free) Zℓ-modules. A topologically noncyclic subgroup σ ∈ ΣK
iff
– σ lifts to an abelian subgroup of GcK ;
– σ is maximal: there are no abelian subgroups σ′ ⊂ GaK which lift to an
abelian subgroup of GcK and contain σ as a proper subgroup.
We will call ΣK a fan. The main theorem of this paper is
THEOREM 1. — Let K and L be function fields over algebraic closures of
finite fields of characteristic 6= 2, ℓ. Assume that K = k(X) is a function field
of a surface X/k such that
(1) Pic(X) = NS(X);
(2) there exists an isomorphism
Φ = ΦK,L : GaK ≃ GaL
of abelian pro-ℓ-groups inducing a bijection of sets
ΣK = ΣL.
Then L is a finite purely inseparable extension of K.
The conditions on X do not depend on a choice of a model, which we can
assume to be smooth (by resolution of singularities in dimension two). We
chose to treat in detail a class of surfaces for which the proof of Theorem 1
is most transparent. The assumption (1) is not necessary; we have included it
since it allows us to avoid certain geometric technicalities.
In this paper we implement the program outlined in [1] and [2] describ-
ing the correspondence between higher-dimensional function fields and their
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abelianized Galois groups. For results concerning the reconstruction of func-
tion fields from their (full) Galois groups (the birational Grothendieck pro-
gram) we refer to the works of Pop, Mochizuki and Efrat (see [8], [7] and
[5]).
Acknowledgments. Both authors were partially supported by the NSF. The
second author was employed by the Clay Mathematics Institute. We are grate-
ful to Laurent Lafforgue and Barry Mazur for their interest. We thank the
participants of the Algebraic Geometry Seminar at the University of Nice for
their comments and suggestions.
2. Basic algebra and geometry of fields
In this section we collect some technical results about function fields.
NOTATIONS 2.1. — Throughout, k is an algebraic closure of the finite field
F = Fp and K = k(X) the function field of an algebraic variety X/k over k
(its model).
We assume familiarity with
– basic notions of field theory (transcendence degree, purely inseparable
extensions);
– basic notions of algebraic geometry (models X of a field K, k-rational
points X(k), Picard group Pic(X), Ne´ron-Severi group NS(X)).
LEMMA 2.2. — Let C/k be a smooth curve and Q ⊂ C(k) a finite set. Then
there exists an n = nQ ∈ N such that for every degree zero divisor D with
support in Q the divisor nD is principal.
Proof. — Every finitely generated subgroup of a torsion group is finite. Since
the group of degree zero divisors Pic0(C) (over any finite field) is a torsion
group and its subgroup of divisors with support in a finite set of points Q ⊂
C(k) is finitely generated, the claim follows.
LEMMA 2.3. — Let K/k be the function field of a surface, C/k a smooth
curve on a model of K and Q = {q0, ..., qs} ⊂ C(k) a finite set of points.
Then there exist a model X of K, irreducible divisors Dj , Hj, H ′j on X (with
j = 0, ..., s) and a positive integer n = nQ such that:
(1) X is smooth and contains C;
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(2) Dj ∩ C = qj for all j = 1, ..., s;
(3) n(Dj −D0) restricted to C is a principal divisor;
(4) n(Dj −D0) + (Hj −H ′j) is a principal divisor on X;
(5) the divisors Dj are pairwise disjoint;
(6) all intersections between Dj , Hi and H ′i are transversal, pairwise dis-
tinct and outside C;
(7) Hj, H ′j don’t intersect C.
Proof. — On a model X containing C as a smooth curve choose any divisors
Dj ⊂ X passing (transversally) through qj (for all j = 0, ..., s). Blowing
up points in C(k) \ Q we can insure that the (strict transform of) C becomes
contractible and that the image of the surface under a contracting morphism
is projective. Blowing up again (if necessary) and removing components of
exceptional divisors, we can insure that the (strict transforms) Dj ∩ C = qj
(for all j). By Lemma 2.2, there exists an n = nQ such that the restriction
of n(Dj − D0) to C is a principal divisor. We continue to blow up (outside
Q) so that each n(Dj − D0) becomes a trivial line bundle on some affine
neighborhood of C in some model X . Throughout, C remains contractible
and we write
π : X → Y
for the corresponding blow-down. Now n(Dj − D0) is induced from a line
bundle on Y (which is projective). In particular, there exist ample classes
[Hj], [H
′
j ] ∈ Pic(Y ) such that
[n(Dj −D0)] + ([Hj]− [H ′j ])
is a principal divisor on X (here we identified [Hj ], [H ′j] with their full trans-
forms in X). Finally, we can choose representatives Hj, H ′j ⊂ Y of these
classes which are disjoint from π(C), irreducible and satisfy all required
transversality assumptions.
LEMMA 2.4. — Let K/K be a purely inseparable extension. Then
– K ⊃ k;
– K/K is a finite extension;
– K = k(X ′) for some algebraic variety X ′.
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DEFINITION 2.5. — We write EK ⊂ K for the normal closure of a subfield
E ⊂ K (elements in K which are algebraic over E). We say that x ∈ K \ k
is generating if k(x)K = k(x).
REMARK 2.6. — If E ⊂ K is 1-dimensional then for all x ∈ E \ k one has
k(x)
K
= E
K (a finite extension of E).
LEMMA 2.7. — For any subfield E ⊂ K there is a canonical sequence
X
πE−→ Y ′ ρE−→ Y,
where
– πE is birational dominant with irreducible generic fiber;
– ρE is quasi-finite and dominant;
– k(Y ′) = E
K
and k(Y ) = E.
For generating x ∈ K we write
πx : X → Y
for the morphism from Lemma 2.7, with k(Y ) = k(x). For y ∈ K \ k(x)
we define degx(y) (the degree of y on the generic fiber of πx) as the degree
of the corresponding surjective map from the generic fiber of πx under the
projection πy.
PROPOSITION 2.8. — Let X/k be a smooth surface. Then
(1) if X contains finitely many rational curves then the same holds for every
model X ′ of K;
(2) if Pic(X) = NS(X) then for every 1-dimensional subfield E ⊂ K =
k(X) such that E = EK one has E = k(x) for some x ∈ K;
(3) for every curve C ⊂ X and every finite set of irreducible divisors
D1, ..., Ds of X not containing C, there exists a blowup
π : X˜ → X
such that every branch in the strict transform π−1(C) intersects at most
one irreducible component of the full transform of ∪sj=1Dj and these
intersections are transversal.
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Proof. — Property (1) is evident. Property (2) follows from the fact that
every such 1-dimensional field corresponds to a dominant map X → C onto
a curve. If Pic(X) = NS(X) then Pic0(X) = 0 and X admits no such
maps onto curves of genus ≥ 1. The last property follows from resolution of
singularities for surfaces.
LEMMA 2.9. — Assume that Pic(X) = NS(X) and let x, y ∈ k(X) \ k be
such that
degx(y) = min
f∈K\k(x)
K
(degx(f)).
Then y is generating: k(y) = k(y)K .
Proof. — If y is not generating then y = z(y′) for some y′ ∈ K = k(X)
and some function z ∈ k(y′) of degree ≥ 2. This implies that degx(y) ≥
2 degx(y
′), contradicting minimality.
PROPOSITION 2.10. — Let X/k be an algebraic variety of dimension ≥ 2
such that Pic(X) = NS(X). If t ∈ K = k(X) is not generating then there
exist y, y′ ∈ K such that for all κ1, κ2, κ′1, κ′2 ∈ k∗ the elements
(2.1) y, y/(t+ κ1), (y + κ2)/t and y′, y′/(t+ κ′1), (y′ + κ′2)
are generating and the elements
(2.2) 1, y, y′, t
are linearly independent over k.
Proof. — Write E := k(t)K . By Proposition 2.8 (2), there exists an x ∈ K
such that E = k(x) (so that t = t(x)). We have a dominant morphism
πx : X → P1
with irreducible generic fiber. Choose two algebraically independent y and y′
so that
degx(y) = degx(y
′) = min
f∈K\k(x)
K
(degx(f))
and
1, y, y′, t
are linearly independent (linear independence can be checked, for example,
by restricting to a fiber of πx). By Lemma 2.9, both y and y′ are generating.
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It suffices to observe that all elements in (2.1) have the same degree on the
generic fiber of πx.
The next proposition is a characterization of multiplicative groups of sub-
fields K ⊂ K. We will say that y ∈ K∗ is a power if there exist an x ∈ K∗
and an integer n ≥ 2 such that y = xn.
PROPOSITION 2.11. — Let X be an algebraic variety of dimension≥ 2 such
that every 1-dimensional subfield E ⊂ K = k(X) has the form E = k(x) for
some x ∈ K∗. Let K∗ ⊂ K∗ be a subset such that
(1) K∗ is closed under multiplication;
(2) for every E = k(x) ⊂ K with E = EK there exists an r = r(x) ∈ N
such that
K∗ ∩ E∗ = (E∗)r;
(3) there exists a y ∈ K \ k with r(y) = 1 such that y is not a power.
Then K := K∗ ∪ 0 is a field and K/K is a purely inseparable finite extension.
Proof. — Once we know that K is a field we can conclude that every x ∈ K∗
is either in K∗ or some power of it is in K∗. Of course, it can only be a
power of p so that K/K is a purely inseparable extension, of finite degree (by
Lemma 2.4).
By (3), k ⊂ K. To conclude that K is a field, it suffices to show that for
every x ∈ K one has x + 1 ∈ K (and then use multiplicativity). For every
x ∈ K \ k with r(x) = 1 we have K∗ ∩ k(x)∗ = k(x)∗ and
x+ κ ∈ K∗, for all κ ∈ k.
In particular, this holds for y.
Now consider x ∈ K∗ with r(x) > 1. We claim that there exists a κ ∈ k
such that
z :=
x+ y + κ
y + κ− 1 ∈ K and r(z) = 1.
This implies that
z − 1 = (x+ 1)/(y + κ− 1) ∈ K∗ and x+ 1 ∈ K∗,
(by multiplicativity).
To prove the claim, choose a model X of K and consider the morphisms
πx : X → P1 = (x : 1)
πy : X → P1 = (y : 1)
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(as in Lemma 2.7). Since x and y are algebraically independent (r(x) > 1),
only finitely many components of the fibers of πx are contained in the fibers
of πy and there exists a κ ∈ k such that both fibers
π−1y (−κ) and π−1y (1− κ)
are transversal to the fibers of πx.
Then
div0(y + κ− 1) 6⊂ div(x+ y + κ),
since y + κ = −1 on y + κ − 1 and x is nonconstant on these fibers (where
div0 is the divisor of zeroes). It follows that both
t := (y + κ)/x and z := (x+ y + κ)/(y + κ− 1)
are not powers so that r(t) = r(z) = 1. To show that z ∈ K observe that both
x, y + κ ∈ K so that t ∈ K. Therefore,
t+ 1 = (x+ y + κ)/x ∈ K
and, by (1), x+ y + κ ∈ K. Finally, since (y + κ− 1) ∈ K we get z ∈ K.
3. Projective structures
In this section we explain the connection between fields and axiomatic pro-
jective geometry. We follow closely the exposition in [6].
DEFINITION 3.1. — Let S be a (nonempty) set and L = L(S) a collection
of subsets l ⊂ S such that
P1 there exist an s ∈ S and an l ∈ L such that s /∈ l;
P2 for every l ∈ L there exist at least three distinct s, s′, s′′ ∈ l;
P3 for every pair of distinct s, s′ ∈ S there exists exactly one
l = l(s, s′) ∈ L
such that s, s′ ∈ l;
P4 for every quadruple of pairwise distinct s, s′, t, t′ ∈ S one has
l(s, s′) ∩ l(t, t′) 6= ∅ ⇒ l(s, t) ∩ l(s′, t′) 6= ∅.
Such a pair (S,L) is called a projective structure on S and the elements l ∈ L
are called lines.
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For s ∈ S and S ′ ⊂ S define the join
s ∨ S ′ := {s′′ ∈ S | s′′ ∈ l(s, s′) for some s′ ∈ S ′}.
For any finite set of points s1, . . . , sn define
〈s1, . . . sn〉 := s1 ∨ 〈s2 ∨ · · · ∨ sn〉
(this does not depend on the order of the points). Write 〈S ′〉 for the join of
a finite set S ′ ⊂ S. A finite set S ′ ⊂ S of pairwise distinct points is called
independent if for all s′ ∈ S ′ one has
s′ /∈ 〈S ′ \ {s′}〉.
A set of points S ′ ⊂ S spans a set of points T ⊂ S if
– 〈S ′′〉 ⊂ T for every finite set S ′′ ⊂ S ′;
– for every t ∈ T there exists a finite set of points St ⊂ S ′ such that
t ∈ 〈St〉.
A set T ⊂ S spanned by an independent set S ′ of points of cardinality ≥ 2 is
called a projective subspace of dimension |S ′| − 1.
A projective structure (S,L) satisfies Pappus’ axiom if for all 2-dimensional
subspaces and every configuration of six points and lines in these subspaces
as below
the intersections are collinear. The main theorem of abstract projective geom-
etry is:
THEOREM 3.2. — Let (S,L) be a projective structure of dimension n ≥ 2
which satisfies Pappus’ axiom. Then there exists a field k such that S = Pnk .
This field is unique, up to isomorphism.
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Proof. — See [6], Chapter 6.
DEFINITION 3.3. — A morphism of projective structures
ρ : (S,L)→ (S ′,L′)
is an injection of sets ρ : S →֒ S ′ such that ρ(l) ∈ L′ for all l ∈ L.
EXAMPLE 3.4. — Let k be a field and Pnk the usual projective space over k
of dimension n ≥ 2. Then Pnk carries a natural projective structure: the set
of lines is the set of usual projective lines P1k ⊂ Pnk . Every (not necessarily
finite) extension of fields K/k induces a morphism of projective structures:
Pnk → PnK .
DEFINITION 3.5. — Let S be an abelian group. A projective structure (S,L)
on S will be called compatible with the group structure if for all s ∈ S and
l ∈ L one has
s · l ∈ L(S).
EXAMPLE 3.6. — LetK/k be a field extension (not necessarily finite). Then
S := Pk(K) = (K \ 0)/k∗
carries a natural projective structure which is compatible with multiplication
in the abelian group K∗/k∗.
THEOREM 3.7. — Let K/k and K ′/k′ be field extensions of degree≥ 4 and
φ¯ : S = Pk(K)→ Pk′(K ′) = S ′
a bijection of sets which is an isomorphism of abelian groups and of projective
structures. Then
k ≃ k′ and K ≃ K ′.
Proof. — Choose a plane P2 ⊂ S containing the identity e ∈ S, and two
lines l1, l2 in this plane passing through e. The set of all points P2 \ {l1, l2} is
a principal homogeneous space under the group of projective automorphisms
of P1k (= l1) stabilizing one point (the intersection l1 ∩ l2). A choice of an
additional point s ∈ P outside l1 ∪ l2 trivializes this homogeneous space
to the group of affine transformations of an affine line over k. In particular,
it determines both the additive and the multiplicative structure on k. This
implies that k is isomorphic to k′ and that for every finite-dimensional space
V ⊂ K there exists a unique k′-linear space V ′ ⊂ K ′ such that the map
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φ¯V : Pk(V )→ Pk′(V ′) lifts to a (k, k′)-linear map φV : V → V ′. Such a lift
is unique modulo multiplication by a nonzero scalar in k on the left (resp. k′
on the right). We can identify V with P(V )× k∗ ∪ {0} (as a set). If V is such
that e ∈ P(V ) then there is a unique lift φV with the property φ¯V (e) = e′ ∈ S ′.
Let x, y ∈ K \ k be any elements projecting to x¯, y¯ ∈ Pk(K) and V ⊂ K
a k-vector subspace containing
1, x, y, xy.
Fix φ = φV as above. Since φ¯ is an isomorphism of abelian groups there is a
c(x, y) ∈ k∗ such that
φ(x · y) = φ(x)φ(y)c(x, y).
We need to show that c(x, y) = 1. For any a ∈ k∗ we have
φ((a+x) · y) = φ(a · y+ c(x, y) ·x · y) = a′ · y′+ c′(x, y) ·x′ · y′ ∈ V ′ ⊂ K ′,
by (k, k′)-linearity of φ. Since φ¯ preserves products, the right side must be
k′-proportional to
a′ · y′ + x′ · y′.
On the other hand, y′ and x′ · y′ are k′-linearly independent (since x′ /∈ k′).
This implies that c′(x′, y′) = 1, as claimed.
DEFINITION 3.8. — A partial projective structure is a pair (S,P), where P
is a set of subsets of S (lines) such that for every triple of pairwise distinct
elements r, s, t ∈ S there exist distinct elements
x, y, x′, y′ ∈ S
(pairwise distinct from r, s, t) and lines
l(y, r), l(y, s), l(t, x), l(y′, r), l(y′, s), l(t, x′), l(y, y′) ∈ P
with the property that
r, x, y ∈ l(y, r), r, x′, y′ ∈ l(y′, r),
y, s ∈ l(y, s), y′, s ∈ l(y′, s),
t, x ∈ l(t, x), t, x′ ∈ l(t, x′),
l(t, x) ∩ l(y, s) 6= ∅, l(t, x′) ∩ l(y′, s) 6= ∅,
l(y, y′) ∩ l(t, x) = l(y, y′) ∩ l(t, x′) = ∅.
12 FEDOR BOGOMOLOV and YURI TSCHINKEL
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REMARK 3.9. — Of course, a projective structure on a projective space of
dimension≥ 3 is also a partial projective structure.
EXAMPLE 3.10. — Let K/k be the function field of an algebraic variety X
of dimension ≥ 2. We have seen in Example 3.6 that S := Pk(K) carries
a projective structure compatible with multiplication. Let P be the set of all
lines passing through 1 and a generating element ofK (see Definition 2.5) and
all their translates by elements in S (under multiplication). Proposition 2.10
implies that (S,P) is a partial projective structure. Indeed, (after translation)
we can assume that r = 1, s = t + κ etc. The lines in P containing 1 will be
called primary.
PROPOSITION 3.11. — Let (S,L) and (S,L′) be two projective structures
on S of dimension ≥ 3 and assume that the intersection L ∩ L′ contains a
subset P such that (S,P) is a partial projective structure on S. Then L = L′.
Proof. — For any tuple of points (r, s) we need to show that the line l(r, s) ∈
L is also in L′ (and vice versa). Let t be any point distinct from r and s.
There exist points x, y, x′, y′ as in Definition 3.8 together with corresponding
lines in P. Moreover, t ∈ l(r, s) iff t lies both in the plane spanned by l(y, r)
and l(y, s) and in the plane spanned by l(y′, r) and l(y′, s) (which are distinct
by the assumption that l(y, y′) intersects neither l(t, x) not l(t, x′)). These
conditions are satisfied by the assumptions on the lines l(t, x), resp. l(t, x′).
Thus t ∈ l(r, s) iff t ∈ l′(r, s).
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4. Flag maps
NOTATIONS 4.1. — We fix two prime numbers ℓ and p 6= 2, ℓ. Let
– F = Fp be the finite field with p elements;
– F∗ = F \ {0} its multiplicative group;
– A a vector space over F of dimension dim(A) ∈ N ∪∞;
– P(A) = (A \ 0)/F∗ its projectivization;
– M(A, S) the set of maps from A to a set S;
– for µ ∈M(A, S) and B ⊂ A, µB the restriction of µ to B.
DEFINITION 4.2. — A (complete) flag on a finite-dimensional A is a collec-
tion of subspaces (An)n=0,..,dim(A) such that
– A0 = A;
– An ) An+1 for all n = 0, ..., dim(A)− 1.
In particular, An \ An+1 6= ∅, for all n, and Adim(A) = {0}.
DEFINITION 4.3. — A map µ ∈ M(A, S) will be called homogeneous if for
all a ∈ A and all κ ∈ F∗ one has
µ(κ · a) = µ(a).
We think of homogeneous maps as being defined on the projectivization
P(A) and write M(P(A), S) for the space of such maps.
DEFINITION 4.4. — A map µ ∈M(A, S) will be called a flag map if
– µ is homogeneous;
– every finite-dimensional F-vector space B ⊂ A has a complete flag
(Bn)n=0,...,dim(B) such that µ is constant on Bn \ Bn+1, for all n =
0, ..., dim(B)− 1.
The set of flag maps will be denoted by F(A, S) or F(P(A), S).
REMARK 4.5. — The flag property does not depend on the value of µ in
0 ∈ A. Thus we will generally work on A \ 0 and P(A).
DEFINITION 4.6. — Let S be a ring and A an F-algebra. A map µ ∈
M(P(A), S) will be called logarithmic if
µ(a · a′) = µ(a) + µ(a′),
for all a, a′ ∈ A \ 0. The set of such maps will be denoted by L(P(A), S).
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REMARK 4.7. — In our applications, A and S are endowed with topologies.
We will always consider continuous maps, so that the notations M,F ,L etc.
stand for spaces of continuous maps, subject to the above properties.
DEFINITION 4.8. — Let S be a ring. Two maps µ, µ′ ∈M(P(A), S) will be
called a c-pair (commuting pair) if
– µ, µ′ ∈ L(P(A), S);
– for all two-dimensionalF-subspacesB ⊂ A there exist constants s, s′, s′′
(depending on B) with (s, s′) 6= (0, 0) such that for all b ∈ B one has
sµB(b) + s
′µ′B(b) = s
′′.
THEOREM 4.9. — Let A be an F-algebra and µ, µ′ ∈ L(P(A),Zℓ) non-
proportional maps forming a c-pair. Then there exist constants c, c′ ∈ Zℓ,
(c, c′) 6= (0, 0) such that cµ+ c′µ′ ∈ F(P(A),Zℓ).
Proof. — This is a special case of the main theorem of [3]. We outline its
proof, since the result is crucial for our applications.
Step 1. (Lemma 3.1.2 in [3]) µ ∈ F(P(A), S) iff for all h : S → Z/2Z
one has h ◦ µ ∈ F(P(A),Z/2Z).
Step 2. (Lemma 3.2.1 and Proposition 2.6.1 in [3]) µ ∈ F(P(A), S) iff for
all B ⊂ A with dim(B) ≤ 2 the restriction µB ∈ F(P(B), S).
Step 3. (Proposition 4.3.1 in [3]) Assume that dim(A) ≥ 3 and that µ′, µ′′ ∈
L(P(A),Zℓ) is a c-pair such that 〈µ′, µ′′〉Zℓ does not contain an F -map. Then
there is a B ⊂ A with dim(B) = 3 such that there exist no (nonzero) F -maps
µB ∈ 〈µ′B, µ′′B〉Zℓ .
Step 4. (Lemma 4.3.2 in [3]) Let B = F3 and µ′, µ′′ ∈ M(P(B),Zℓ) be a
c-pair. Then the map
ϕ : P(B) → A2(Zℓ)
b 7→ (µ′(b), µ′′(b)),
has the following property: the image of every P1 ⊂ P(B) is contained in an
affine line in A2(Zℓ). By affine geometry constructions in Section 4.1 of [3],
the image ϕ(P(B)) is contained in a union of an affine line and (possibly) one
more point. Using this, and assuming that there are no nonzero F -maps µ ∈
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〈µ′, µ′′〉Zℓ , we conclude that there exist nonconstant (and nonproportional)
maps φ′, φ′′ ∈ 〈µ′, µ′′, 1〉Zℓ and an h : Zℓ → Z/2Z such that neither of the
three maps
h ◦ φ′,
h ◦ φ′′,
h ◦ φ′ + h ◦ φ′′
is an F -map on B (with values in Z/2Z).
Step 5. Rename the three maps to µ′, µ′′, µ′ + µ′′ ∈ M(P(B),Z/2Z). The
image ϕ(P(B)) is contained in 3 points ((0, 0), (0, 1) and (1, 0)). Conse-
quently, P(B) contains lines of (at most) three types ((00), (01), (10)). We
may assume that there are at least two lines of each type and each line con-
tains at least two points of each type (otherwise, it is easy to find an F -map
among µ′, µ′′, µ′ + µ′′, leading to a contradiction). We may also assume that
µ′, resp. µ′′, µ′ + µ′′, is constant on lines of type (00), resp. (01), (10). The
projective geometry constructions in Section 4.2 of [3] show that one of the
three maps has the following property: on every line P(C) ⊂ P(B) (where it
is nonconstant) it satisfies the functional equation of Step 6.
Step 6. (Lemma 2.5.6 in [3]) Let C = F2 and µ ∈ M(P(C),Z/2Z) be
such that C has a basis (c, b) with µ(c) = µ(c + κb) 6= µ(b), for all κ ∈ F.
Then µ ∈ F(P(C),Z/2Z).
Indeed, since µ is homogeneous, the functional equation implies that
µ(κc+ κ′b) = µ(c)
for all κ, κ′ ∈ F∗. Thus µ is constant on C \ Fb.
Thus at least one of the maps µ′, µ′′, µ′ + µ′′ is an F -map on all lines in
P(B), hence an F -map on the whole P(B), contradiction to Step 4.
5. Galois groups
Let k be an algebraic closure of F, K = k(X) the function field of an
algebraic variety X over k, GaK the abelianization of the pro-ℓ-quotient GK of
the Galois group of a separable closure of K,
GcK = GK/[[GK ,GK ],GK ] pr−→ GaK
16 FEDOR BOGOMOLOV and YURI TSCHINKEL
its canonical central extension and pr the natural projection. By our assump-
tions, GaK is a torsion free Zℓ-module.
DEFINITION 5.1. — We say that h, h′ ∈ GaK form a commuting pair if for
some (and therefore any) of their preimages h˜, h˜′ one has [h˜, h˜′] = 0. A sub-
group H of Ga is called liftable if any two elements in H form a commuting
pair.
DEFINITION 5.2. — A fan ΣK = {σ} on GaK is the set of all those topolog-
ically noncyclic liftable subgroups σ ⊂ GaK which are not properly contained
in any other liftable subgroup of GaK .
REMARK 5.3. — Even though the group GcK depends on the choice of a sep-
arable closure of K, the fan ΣK does not.
REMARK 5.4. — For function fields E/k of curves there are no topologi-
cally noncyclic liftable subgroups of GaE and ΣE = ∅. For function fields K/k
of surfaces all groups σ ∈ ΣK are isomorphic to (torsion free) Zℓ-modules of
rank 2 (see Section 8).
NOTATIONS 5.5. — Let
µℓn := { ℓ
n√
1 }
and
Zℓ(1) = lim
n→∞
µℓn
be the Tate twist of Zℓ. Write
Kˆ∗ := lim
n→∞
K∗/(K∗)ℓ
n
for the multiplicative group of (formal) rational functions on X .
THEOREM 5.6 (Kummer theory). — For every n ∈ N we have a pairing
GaK/ℓn ×K∗/(K∗)ℓn → µℓn
(µ, f) 7→ [µ, f ]n := µ(f)/f
which extends to a nondegenerate pairing
[·, ·] : GaK × Kˆ∗ → Zℓ(1).
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REMARK 5.7. — Since k is algebraically closed and ℓ 6= p we can choose a
noncanonical isomorphism
Zℓ ≃ Zℓ(1).
From now on we will fix such a choice.
6. Valuations
In this section we recall basic facts concerning valuations and valued fields
(we follow [4]).
NOTATIONS 6.1. — A value group is a totally ordered (torsion free) abelian
group. We will denote by Γ a value group, use the additive notation ′′+′′ for
the group law and ≥ for the order. We have
Γ = Γ+ ∪ Γ−, Γ+ ∩ Γ− = {0} and γ ≥ γ′ iff γ − γ′ ∈ Γ+.
We put Γ∞ = Γ ∪ {∞} and make it to a totally ordered group through the
conventions
γ <∞, γ +∞ =∞+∞ =∞, ∀γ ∈ Γ.
EXAMPLE 6.2. — A standard value group is Zn with the lexicographic or-
dering.
DEFINITION 6.3. — A (nonarchimedean) valuation ν = (ν,Γν) on a field
K is a pair consisting of a totally ordered abelian group Γν (the value group)
and a map
K → Γν,∞
such that
– ν : K∗ → Γν is a surjective homomorphism;
– ν(κ+ κ′) ≥ min(ν(κ), ν(κ′)) for all κ, κ′ ∈ K;
– ν(0) =∞.
REMARK 6.4. — In particular, since Γν is nontorsion, ν(ζ) = 0 for every
element ζ of finite order in K∗.
A valuation is called trivial if Γ = {0}. In our applications, K = k(X),
where k is an algebraic closure of the finite field F and X is an algebraic
variety over k (a model for K). Since every element in k is torsion, every
valuation of K restricts to a trivial valuation on k.
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NOTATIONS 6.5. — We denote by Kν , oν ,mν andKν the completion of K
with respect to ν, the ring of ν-integers in K, the maximal ideal of oν and the
residue field
Kν := oν/mν .
If X (over k) is a model for K then the center c(ν) of a valuation is the
irreducible subvariety defined by the prime ideal mν ∩ k[X ] (provided ν is
nonnegative on k[X ]).
It is useful to keep in mind the following exact sequences:
(6.1) 1→ o∗ν → K∗ → Γν → 1
and
(6.2) 1→ (1 +mν)→ o∗ν →K∗ν → 1.
NOTATIONS 6.6. — We denote by Iaν ⊂ Daν ⊂ GaK the images of the inertia
and the decomposition group of the valuation ν in GaK . There is a (canonical)
isomorphism
Daν/Iaν ≃ GaKν .
DEFINITION 6.7. — Let K be the function field of an algebraic variety over
k. A valuation ν of K is positive-dimensional if its residue field Kν is the
function field of an algebraic variety of dimension≥ 1. It is divisorial if
tr degkKν = dim(X)− 1.
NOTATIONS 6.8. — We let VK be the set of all nontrivial (nonarchimedean)
valuations of K and DVK the subset of its divisorial valuations. If ν ∈ DVK
is realized by a divisor on a model X of K (see Example 6.10) we sometimes
write IaD, resp. DaD, for the corresponding inertia, resp. decomposition group.
EXAMPLE 6.9. — Let C be a smooth curve over k and E = k(C). Every
point q ∈ C defines a nontrivial valuation νq on E (the order of a function
f ∈ E∗ at q). Conversely, every nontrivial valuation ν on E defines a point
q := c(ν) on C.
EXAMPLE 6.10. — Let X be a smooth surface over k and K = k(X).
– Every curve C ⊂ X defines a valuation νC on K with value group Z.
Conversely, every valuation ν on K with value group isomorphic to Z
defines a curve on some model X ′ of K.
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– Every flag (C, q), (curve, point on this curve), defines a valuation νC,q
on K with value group Z2.
– There exist (analytic) valuations on K with value group a subgroup of
Z2 and center supported in a point (on every model).
REMARK 6.11. — Every (nontrivial) positive-dimensional valuation on the
function field of a surface X/k is divisorial.
DEFINITION 6.12. — We say that two valuations (ν1,Γ1) and (ν2,Γ2) are
compatible if there exists a valuation (ν,Γ) and two surjective order-preserving
homomorphisms of value groups prj : Γ → Γj (j = 1, 2) such that for all
κ ∈ K∗
νj(κ) = prj(ν(κ)).
Two valuations (ν1,Γ1) and (ν2,Γ2) are equivalent if there exists an order
preserving isomorphism of value groups Γ1 → Γ2 commuting with the homo-
morphisms ν1, ν2.
We will not distinguish equivalent valuations.
LEMMA 6.13. — Let K be any field and ν ′, ν ′′ two valuations on K. Then
either
– ν ′ and ν ′′ are compatible and there exists a valuation ν with maximal
ideal mν = mν′ +mν′′ or
– ν ′, ν ′′ are incompatible,
K = mν′ +mν′′ and K
∗ = (1 +mν′) · o∗ν′′ .
Proof. — See [9].
7. A dictionary
Write
LK := L(P(K),Zℓ(1)),
FK := F(P(K),Zℓ(1)).
PROPOSITION 7.1. — One has the following identifications:
GaK = LK ,
Daν = {µ ∈ LK |µ trivial on (1 +mν)},
Iaν = {µ ∈ LK |µ trivial on o∗ν}.
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If two nonproportional µ, µ′ ∈ GaK form a commuting pair then the corre-
sponding maps µ, µ′ ∈ LK form a c-pair (in the sense of Definition 4.8).
Proof. — The first identification is a consequence of Kummer theory 5.6.
For the second and third identification we use the sequences (6.1) and (6.2).
For the last statement, assume that µ, µ′ ∈ LK don’t form a c-pair. Then there
is an x ∈ K such that the restrictions of µ, µ′ ∈ LK to the subgroup 〈1, x〉 are
linearly independent. Therefore, µ, µ′ ∈ GaK define a rank 2 liftable subgroup
in Gak(x). Such subgroups don’t exist since Gk(x) is a free pro-ℓ-group.
EXAMPLE 7.2. — If µ ∈ Daν and α ∈ Iaν then µ and α form a commuting
pair.
PROPOSITION 7.3. — Let K be a field and α ∈ FK ∩LK . Then there exists
a unique valuation ν = (να,Γνα) (up to equivalence) and a homomorphism
pr : Γνα → Zℓ such that
α(f) = pr(να(f))
for all f ∈ K∗. In particular, α ∈ Iaν (under the identification of Proposi-
tion 7.1).
Proof. — Assume that α(f) 6= α(f) for some f, f ′ ∈ K and consider the
projective line P1 = P(Ff +Ff ′). Since α is a flag map, it is constant outside
one point on this P1 so that either α(f+f ′) = α(f) or = α(f ′). This defines a
relation: f ′ >α f (in the first case) and f >α f ′ (otherwise). If α(f) = α(f ′)
and there exists an f ′′ such that α(f) 6= α(f ′′) and f >α f ′′ >α f ′ then we
put f >α f ′. Otherwise, we put f =α f ′.
It was proved in [3], Section 2.4, that the above definitions are correct and
that >α is indeed an order which defines a filtration on the additive group K
by subgroups (Kγ)γ∈Γ such that
– K = ∪γ∈ΓKγ and
– ∩γ∈ΓKγ = ∅,
where Γ is the set of equivalence classes with respect to =α. Since α ∈ LK
this order is compatible with multiplication in K∗, so that the map K → Γ is
a valuation and α factors as K∗ → Γ→ Zℓ ≃ Zℓ(1). By (6.1), α ∈ Iaν .
COROLLARY 7.4. — Every (topologically) noncyclic liftable subgroup of
GaK contains an inertia element of some valuation.
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Proof. — By Theorem 4.9, every such liftable subgroup contains an F -map,
which by Proposition 7.3 belongs to some inertia group.
8. Flag maps and valuations
LEMMA 8.1. — Let α ∈ FK ∩ LK , ν = να the associated valuation and
µ ∈ LK . Assume that α, µ form a c-pair. Then
µ(1 + mν) = µ(1).
In particular, the restriction of µ to oν is induced fromKν .
Proof. — We have
(1) α(κ) = 0 for all κ ∈ oν \mν ;
(2) α(κ+m) = α(κ) for all κ and m as above;
(3) mν is generated by m ∈ oν such that α(m) 6= 0.
If m ∈ mν is such that α(m) 6= 0 and κ ∈ oν \ mν then α is nonconstant on
the subgroup A := 〈κ,m〉. Then
µ(κ+m) = µ(κ).
Indeed, if µ is nonconstant on A the restriction µA is proportional to αA (by
the c-pair property) and α satisfies (2). In particular, for such m we have
µ(1 +m) = µ(1).
If α(m) = 0 then there exists m′, m′′ ∈ mν such that m = m′ + m′′ and
α(m′) = α(m′′) 6= 0. Indeed, there exists an m′ ∈ mν such that m > m′ > 1
and α(m′) 6= α(1) = 0. Since α takes only two values on the subgroup
〈m′, m〉 ⊂ mν we have
α(m′′) = α(−m′ +m) = α(m′).
Therefore,
0 = µ(1 +m′) + µ(1 +m′′) = µ(1 +m+m′m′′).
Put κ = 1 +m + m′m′′ and observe that α(−m′m′′) = −2α(m′) 6= 0. By
the argument above
µ(κ−m′m′′) = µ(κ) = µ(1 +m′ +m′′) = µ(1 +m),
as claimed.
LEMMA 8.2. — Assume that α, α′ ∈ GaK ∩ FK form a c-pair. Then the
associated valuations ν and ν ′ are compatible.
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Proof. — If ν and ν ′ are incompatible then, by Lemma 6.13,
K∗ = o∗ν · (1 +mµ′).
By Lemma 8.1,
α(1 +mν′) = 0 and α(o∗ν) = 0.
This implies that α, and similarly, α′ vanish on K∗.
COROLLARY 8.3. — Let K/k be the function field of a surface. Then for
every σ ∈ ΣK one has
rkZℓ σ = 2.
Proof. — Otherwise, by Lemma 8.1, we would get a topologically noncyclic
liftable subgroup in Ga
Kν
(for some ν ∈ VK). Since Kν is either k or the
function field of some curve, we get a contradiction.
PROPOSITION 8.4. — Let K = k(X) be the function field of a surface and
σ, σ′ ∈ ΣK be two distinct maximal liftable (topologically noncyclic) sub-
groups of GaK such that σ ∩ σ′ 6= 0. Then there exists a unique divisorial
valuation ν of K such that
– σ ∩ σ′ = Iaν ;
– both σ and σ′ are contained in Daν .
Moreover, for every divisorial valuation ν of K there exist σ, σ′ ∈ ΣK as
above.
Proof. — First of all, every α ∈ σ ∩ σ′ is an F -map and therefore an inertial
element for some valuation ν. It commutes only with the associatedDaν . Since
in our case every (nontrivial) valuation ν is geometric, its center c(ν) is a
subvariety on some model X of K. If c(ν) is a point then the rank of Daν
is at most 2. However, σ ∪ σ ⊂ Daν and has rank 3, contradiction. Hence
dim(c(ν)) = 1 and ν is divisorial.
9. Galois groups of curves
Throughout this section E/k is a 1-dimensional field and C a smooth curve
of genus g with k(C) = E. We have an exact sequence
0→ E∗/k∗ → Div(C)→ Pic(C)→ 0
FUNCTION FIELDS 23
(where Div(C) can be identified with the free abelian group generated by
points in C(k)). This gives a dual sequence
(9.1) 0→ Zℓ(∆)→M(C(k),Zℓ)→ GaE → Z2gℓ → 0,
with the identifications
– Hom(Pic(C),Zℓ) = Zℓ (since Pic0(C) is torsion);
– M(C(k),Zℓ) = Hom(Div(C),Zℓ) is the Zℓ-linear space of maps from
C(k)→ Zℓ;
– Z2gℓ = Ext
1(Pic0(C),Zℓ).
Using this model and the results in Section 5, we can interpret
(9.2) GaE ⊂M(C(k),Qℓ)/constant maps
as the Zℓ-linear subspace of all maps µ : C(k) → Qℓ (modulo constant
maps) such that
[µ, f ] ∈ Zℓ for all f ∈ E∗/k∗.
Here [·, ·] is the pairing:
(9.3) M(C(k),Qℓ)× E
∗/k∗ → Qℓ
(µ, f) 7→ [µ, f ] := ∑q µ(q)fq,
where div(f) =
∑
q fqq. In detail, let γ ∈ GaE be an element of the Galois
group. By Kummer theory, γ is a homomorphism K∗/k∗ → Zℓ = Zℓ(1).
Choose a point c0 ∈ C(k). For every point c ∈ C(k), there is an mc ∈ N such
that the divisor mc(c− c0) is principal. Define a map
µγ : C(k) → Qℓ,
c 7→ γ(mc(c− c0))/mc.
Changing c0 we get maps differing by a constant map.
In this interpretation, an element of an inertia subgroup Iaw ⊂ GaE corre-
sponds to a “delta”-map (constant outside the point qw). Each Iaw has a canon-
ical (topological) generator δw, given by δw(f) = νw(f), for all f ∈ E∗/k∗.
The (diagonal) map ∆ ∈M(C(k),Qℓ) from (9.1) is then given by
∆ =
∑
w∈VE
δw =
∑
qw∈C(k)
δqw .
DEFINITION 9.1. — We say that the support of a subgroup I ⊂ GaE is ≤ s
and write
|supp(I)| ≤ s
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if there exist valuations w1, ..., ws ∈ VE such that
I ⊂ 〈Iaw1, ..., Iaws〉Zℓ ⊂ GaE .
Otherwise, we write |supp(I)| > s.
LEMMA 9.2. — Let I ⊂ GaE be a topologically cyclic subgroup such that
|supp(I)| > s ≥ 2. Then there exist a finite set {fj}j∈J ⊂ E∗ and an m ∈ N
such that the map
ψ : GaE → V := ⊕j∈JZ/ℓm
µ 7→ ([µ, fj]m)j∈J
has the following property: for every set {w1, ..., ws} ⊂ VE
ψ(I) 6⊂ 〈ψ(Iaw1), ..., ψ(Iaws)〉Zℓ .
Proof. — Let ι ∈ GaE ⊂ M(C(k),Qℓ) be a representative, as in (9.2), of a
topological generator of I, where supp(I) > s. There are three possibilities:
(1) ι(C(k)) ⊂ Qℓ is infinite;
(2) there is a b ∈ ι(C(k)) ⊂ Qℓ such that ι−1(b) is infinite and there exist at
least s+ 1 distinct points qs+2, . . . , q2s+2 ∈ C(k) such that ι(qj) 6= b for
all j = s + 2, . . . , 2s+ 2;
(3) otherwise: ι(C(k)) is finite, there is a b with ι−1(b) infinite and there are
at most s distinct points with values differing from b.
In Case (3), |supp(I)| ≤ s.
In Case (1), choose any set Q = {q1, ..., q2s+2} ⊂ C(k) of points with
pairwise distinct values. In Case (2) choose distinct q1, ..., qs+1 ∈ ι−1(b) and
put Q := {q1, ..., q2s+2}. In both cases, if Q′ ⊂ Q is any subset of cardinality
|Q′| = s then ι is nonconstant on Q \ Q′. In particular, there exist points
qs1 , qs2 ∈ Q \Q′ such that
(9.4) ι(qs1) 6= ι(qs2).
We may assume that ι(Q) ⊂ Zℓ (replacing ι by a sufficiently high multiple,
if necessary). Now we choose an m′′ ∈ N such that all values of ι on Q remain
pairwise distinct modulo Z/ℓm′′ . Let Div0Q(C) be the abelian group of degree
zero divisors on C supported in Q. By Lemma 2.2, there is an n = nQ ∈ N
such that nD is principal for every D ∈ Div0Q(C). In particular, for every
qs1 , qs2 ∈ Q there is a function f ∈ E∗ such that div(f) = n(qs1−qs2). Write
n = ℓm
′
n¯, with gcd(n¯, ℓ) = 1, and put m = m′ +m′′.
FUNCTION FIELDS 25
We have a pairing (Kummer theory)
GaE × nDiv0Q(C) → Z/ℓm
(µ, f) 7→ [µ, f ]m.
Notice that [Iaw, f ] = 0 for all w with qw /∈ Q and all f ∈ E∗ supported in
Q. Further, for every Q′ ⊂ Q with |Q′| = s and points qs1 , qs2 ∈ Q \Q′ as in
(9.4) there is an f ∈ E∗ with divisor div(f) = n(qs1 − qs2) such that
[ι, f ] = n · (ι(qs1)− ι(qs2)) 6= 0 mod ℓm
and
[Iaw′ , f ] = 0
for all Iaw′ of q′ ∈ Q′. Let {fj}j∈J be a basis for ℓm ·Div0Q(C), with fj ∈ E∗.
The map
ψ : GaE → ⊕j∈JZ/ℓm
µ 7→ ([µ, fj]m)j∈J
satisfies the required properties.
The next step is an intrinsic definition of inertia subgroups
Iaw ⊂ Daν/Iaν = Gak(C).
We have a projection
πν : GaK → GaK/Iaν
and an inclusion
Ga
Kν
= Daν/Iaν →֒ GaK/Iaν
PROPOSITION 9.3. — Let ν be a divisorial valuation of K. A subgroup
I ⊂ Daν/Iaν
is the inertia subgroup of a divisorial valuation of k(C) = Kν iff for every
homomorphism
ψ : GaK/Iaν → V
onto a finite abelian group V there exists a divisorial valuation νψ such that
ψ(I) = ψ ◦ πν(Iaνψ).
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Proof. — Let C be the smooth model forKν = k(C),
I = Iaw ⊂ Daν/Iaν
the inertia subgroup of a divisorial valuation of k(C) corresponding to a point
q = qw ∈ C(k) and
ψ : GaK/Iaν → V
a homomorphism onto a finite abelian group. Since GaK is a pro-ℓ-group, we
may assume that
V = ⊕j∈JZ/ℓnj ,
for some nj ∈ N. Let n = maxj(nj). By Kummer theory,
Hom(GaK ,Z/ℓn) = K∗/(K∗)ℓ
n
so that ψ determines elements
f¯j ∈ K∗/(K∗)ℓn
(for all j ∈ J). Choose functions fj projecting to f¯j . They define a finite
set of divisors Dij on X . Moreover, fj are not simultaneously constant on C
(otherwise, ψ(Gak(C)) = ψ(Iak(C))). Changing the model X˜ → X , if necessary,
we may assume that
– C is smooth (and irreducible);
– there exists exactly one irreducible component D in the full preimage of
∪Dij which intersects C in q. Moreover, this intersection is transversal
(see Section 2). Then the image of IaD under ψ is equal to the image of Iaw.
Conversely, we need to show that if I 6= Iaw (for some w ∈ DVKν ), then
there exists a homomorphism
ψ : GaK/Iaν → V
onto a finite abelian group V such that for all ν ′ ∈ DVK one has
ψ(I) 6= ψ ◦ πν(Iaν′).
We consider two cases
(1) there exist two points q, q′ ∈ C(k) such that I ⊂ 〈Iaw, Iaw′〉;
(2) otherwise.
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Case 1. There exists a rational map π : X → P1 such that its restriction
π : C → P1
is surjective, unramified at q, q′ and π(q) 6= π(q′). Under the induced map of
Galois groups
π∗(I) ⊂ 〈Iaπ(w), Iaπ(w′)〉
but is not contained in either Iaπ(q) or Iaπ(q′). Thus there exist a finite abelian
group V and a map ψ : Ga
k(P1) → V such that ψ(I) /∈ ψ(Iaw′′) for any
q′′ ∈ P1. It follows that
ψ ◦ π∗(I) /∈ ψ ◦ π∗(Iaν )
for any ν ∈ DVK .
Case 2. By Lemma 9.2, there exist a finite set of functions f¯j ∈ k(C),
with support in a finite set Q = {q0, ..., qs} ⊂ C(k), and an m ∈ N such that
the homomorphism
ψ¯ : Gak(C) → V = ⊕j∈JZ/ℓm
µ 7→ ([µ, f¯j]m)j∈J
has the property that for all w,w′ ∈ DVk(C)
ψ(I) 6∈ 〈ψ(Iaw), ψ(Iaw′)〉Zℓ .
Next we choose a model for X and C as in Lemma 2.3. In particular, there
exist functions gj with divisor
div(gj) = n · (Dj −D0) + (Hj −H ′j)
such that all the divisors are irreducible, with transversal intersections and
div(gj)|C = n(qj − q0). These functions gj define a homomorphism
ψ : GaK/Iaν → V.
If D is a divisor on X then ψ ◦πν(IaD) = 0 unless D = Dj for some j. In this
case ψ ◦ πν(IaDj ) = ψ(Iawj).
Let ν ′ ∈ DVK and c(ν ′) ⊂ X be its center on X . There are three cases:
– c(ν ′) 6⊂ Dj for any j: then ψ ◦ πν(Iaν′) = 0;
– c(ν ′) ∈ D0j , where D0j = Dj \ (∪j′ 6=jDj ∩Dj′): then
ψ ◦ πν(Iaν′) ⊂ ψ(Iawj);
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– c(ν ′) ∈ Dj ∩Dj′ for some j, j′: then
ψ ◦ πν(Iaν′) ⊂ 〈ψ(Iawj ), ψ(Iawj′ )〉Zℓ .
All three possibilities contradict our assumptions.
LEMMA 9.4. — Let C/k be a curve and E = k(C) its function field. Then
g(C) ≥ 1 iff there exists a homomorphism from GaE to a finite (abelian) group
which maps all inertia elements to 0.
Proof. — Indeed, every curve of genus≥ 1 over a finite field of characteristic
p has unramified coverings of degree ℓ. These coverings define maps of Galois
groups, which are trivial on all inertia elements. If C is rational then GaE ,
and hence its image under every homomorphism (onto any finite group), is
generated by inertia elements (see the exact sequence (9.1)).
REMARK 9.5. — Combining this with Proposition 9.3 we can decide in
purely Galois-theoretic terms which divisorial valuations of K correspond
to nonrational (irreducible) curves C on some model X of K. We call such
valuations nonrational.
10. Valuations on surfaces
Let X be a smooth surface over k, K = k(X) its function field and ν a
divisorial valuation of K. We have a well-defined (bilinear, with respect to
multiplication) residue map
(10.1) K
∗ ×K∗ → Kν/k∗
f, g 7→ f ν(g)/gν(f).
On a smooth model X of K, where ν = νD for some divisor D ⊂ X , we can
define
(10.2) ̺ν = ̺D : K∗ ×K∗ →Kν/k∗
as follows:
– ̺ν(f, g) = 0 if both f, g are invertible on D;
– ̺ν(f, g) = f
m
D if f is invertible (fD is the restriction to D) and g has
multiplicity m along D;
– ̺ν(f, g) = (f
mg/gmf )D in the general case, when f, g have multiplici-
ties mf , mg, respectively.
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The definition does not depend on the choice of the model.
LEMMA 10.1. — For f, g ∈ K∗
̺ν(f, g) = 0 ∀ν ∈ DVK ⇐⇒ f, g ∈ E = k(C) ⊂ K for some curve C.
Proof. — (⇐) On an appropriate model X we have ν = νD for a divisor
D ⊂ X and π : X → C is regular and flat with irreducible generic fiber (and
f, g ∈ k(C)∗). By definition, ̺ν(f, g) = 0 if D is not in the fiber of π. If D is
in the fiber then there is a t ∈ k(C)∗, νD(t) 6= 0 such that both ftmf , gtmg are
regular and constant on D (for some mf , mg ∈ N) so that ̺ν(f, g) = 0.
(⇒) Assume that ̺ν(f, g) = 0 for every ν ∈ DVK . Every nonconstant
function f defines a unique map (with irreducible generic fiber)
πf : X → Cf
which corresponds to the algebraic closure of k(f) in K (we will say that f
is induced from Cf ). We claim that πf = πg.
Since f is induced from Cf , we have
div(f) =
∑
q∈Q
aqDq,
where Q ⊂ Cf (k) is finite and Dq = π−1(q). Then D2q = 0 and Dq is either
a multiple of a fiber of πg or it has an irreducible component D ⊂ Dq which
dominates Cg (under πg). In the second case, νD(f) 6= 0, while νD(g) = 0
and g is nonconstant on D. Hence ̺D(f, g) 6= 0, contradiction. Therefore, all
Dq are (multiples of) fibers of πg and f is induced from Cg. Hence Cf = Cg
and πf = πg.
11. ℓ-adic analysis: generalities
Let K = k(X) be the function field of a smooth algebraic variety X over
k. We have an exact sequence
(11.1) 0→ K∗/k∗ ρX−→ Div(X) ϕ−→ Pic(X)→ 0,
where Div(X) is the group of (Weil or Cartier) divisors ofX . We will identify
an element f ∈ K∗/k∗ with its image under ρX . Let
D̂iv(X) := {D =
∑
m∈M
aˆmDm}, resp. D̂ivnr(X) ⊂ D̂iv(X),
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be the group of divisors (resp. nonrational divisors) with rapidly decreasing
coefficients:
– M is a countable set;
– for all r ∈ Z the set
{m | |aˆm|ℓ ≤ r}
is finite;
– for D ∈ D̂ivnr(X), all Dm are nonrational.
Clearly, the group of finite ℓ-adic divisors
Div(X)ℓ := Div(X)⊗Z Zℓ ⊂ D̂iv(X).
Every element
fˆ ∈ Kˆ∗ = lim
n→∞
K∗/(K∗)ℓ
n
has a representation
fˆ = (fn)n∈N or f = f0f
ℓ
1f
ℓ2
2 · · · ,
with fn ∈ K∗. We have homomorphisms
ρˆX : Kˆ
∗ → D̂iv(X),
fˆ 7→ div(fˆ) := ∑n∈N ℓn · div(fn) = ∑m aˆmDm,
ρˆX,nr : Kˆ
∗ → D̂iv(X) pr−→ D̂ivnr(X),
where Dm ⊂ X are irreducible divisors,
aˆm =
∑
n∈N
anmℓ
n ∈ Zℓ,
with anm ∈ Z, and
div(fn) =
∑
m
anmDm.
Here div(fn) is the Cartier divisor of fn and
∑
m anmDm is its image in the
group of Weil divisors. Every ν ∈ DVK gives rise to a homomorphism
ν : Kˆ∗ → Zℓ
and a residue map
ˆ̺ν : Kˆ
∗ × Kˆ∗ → Kˆν .
On a smooth model X , where ν = νD for some divisor D ⊂ X , ν(fˆ) is
the ℓ-adic coefficient at D of div(fˆ), while ˆ̺ν is the natural generalization of
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(10.1). We say that two elements fˆ , gˆ ∈ Kˆ∗ commute if ˆ̺ν(fˆ , gˆ) = 0, for all
divisorial ν.
NOTATIONS 11.1. — We put
suppK(fˆ) := { ν ∈ DVK | fˆ nontrivial on Iaν };
suppX(fˆ) := { Dm | aˆm 6= 0 }.
DEFINITION 11.2. — We say that fˆ has finite nonrational support if the set
of nonrational ν ∈ suppK(fˆ) is finite (see Lemma 9.4 for the definition and
Galois-theoretic characterization of nonrational valuations). Let
FS(K) ⊂ Kˆ∗
be the set of such elements.
DEFINITION 11.3. — We say that fˆ has finite support on the model X if
suppX(fˆ) is finite. Put
FSX(K) := {fˆ ∈ Kˆ∗ | ρX(fˆ) ∈ Div(X)ℓ}.
LEMMA 11.4. — The definition of FSX(K) does not depend on the choice
of a model X .
Proof. — For any two models X ′, X ′′ we can find a model X dominating
both. The difference between the sets of irreducible divisors Div(X ′), resp.
Div(X ′′), and Div(X) is finite (and consists only of rational curves).
COROLLARY 11.5. — Let K be the function field of a surface X which con-
tains only finitely many rational curves. Then
FS(K) = FSX(K).
In particular, we obtain an intrinsic, Galois-theoretic description ofFSX(K)
in this case. We proceed to give such a description in general. Note that for
fˆ ∈ FS(K), its nonrational component ρˆX,nr(fˆ) is independent of the model
X . More precisely, for any birational morphism X ′ → X we can identify
D̂ivnr(X
′) = D̂ivnr(X). Under this identification
ρX′,nr(fˆ) = ρX,nr(fˆ).
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Let F(K) be the set of all f ∈ K∗/k∗ such that ρX,nr(f) 6= 0 and for every
rational divisorial valuation ν and some (equivalently, every) model X of K,
where ν = νC for a rational curve C ⊂ X , either
– fC = 1 ∈ k(C)∗/k∗ or
– ρC(fC) 6= 0 mod ℓ.
LEMMA 11.6. — The set F(K) generates K∗/k∗. Moreover, for every pair
of commuting elements fˆ , gˆ ∈ FS(K) with disjoint support such that there
exist f, g ∈ F(K) with
f = fˆ mod (K∗)ℓ and g = gˆ mod (K∗)ℓ,
one has fˆ ∈ FSX(K) and gˆ ∈ FSX(K), for every model X of K.
Proof. — Let y ∈ K∗ be a function such that the generic fiber of the corre-
sponding map πy : X → P1y, from some model X of K, is an irreducible
nonrational curve. Such y generate K∗.
For generic quadratic, coprime polynomials P,Q ∈ k[y], the preimage in
X of (0 ∪∞) ⊂ P1 under the composition of πy with the map
φ : P1y → P1
y 7→ f(y) := P (y)/Q(y)
contains at least 4 irreducible smooth fibers of πy. If f were nonconstant on
a rational curve C (on some model X of K) and fC were an ℓ-th power then
the local ramification indices of f and hence of y were divisible by ℓ. Thus
we would have a map πy : C → P1y with all local ramification indices over 4
points divisible by ℓ, and by Hurwitz’ theorem, g(C) > 0, which contradicts
the rationality of C. It follows that f ∈ F(K). Clearly, such elements f
generate k(y)∗.
Next, write
ρX(fˆ) =
∑
i∈I niDi + ℓ
∑∞
j=1 njCj ,
ρX(gˆ) =
∑
i∈I′ n
′
iD
′
i + ℓ
∑∞
j=1 n
′
jC
′
j,
where I, I ′ are finite sets and the second sum is an infinite series over dis-
tinct rational curves Cj , C ′j ⊂ X . By assumption, the sets {Di}i∈I , {Cj}j∈N,
{D′i}i∈I′ , {C ′j}j∈N are disjoint.
By assumption, ρν′j (fˆ , gˆ) = 0, for all ν
′
j corresponding to C ′j . Since C ′j are
rational, this residue equals the residue of f on C ′j , which is nonzero mod ℓ,
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contradiction. Thus, if (fˆ , gˆ) = 0, then suppX(gˆ) is finite and we may put
gˆ = g′. The restriction of g′ to any irreducible component of the divisor of fˆ is
identically zero. This implies that g′ is a product of ℓ-adic powers of elements
belonging to the same field k(y) as f . Thus all rational curves in the support
of fˆ also belong to the fibers of y. There are finitely many such curves since
some fibers contain nonrational curves.
We have an exact sequence
0→ Kˆ∗ ρˆX−→ D̂iv(X) ϕℓ−→ Pic(X)ℓ → 0,
where Pic(X)ℓ := Pic(X)⊗ Zℓ. We write
D̂iv(X)0 ⊂ D̂iv(X)
for the group generated by the image ρˆX(Kˆ∗) and identify an element fˆ ∈ Kˆ∗
with its image.
LEMMA 11.7. — Let X/k be smooth algebraic with NS(X) = Pic(X). Let
M be a finite set and
D =
∑
m∈M
amDm ∈ Div(X)ℓ := Div(X)⊗Z Zℓ, am ∈ Zℓ
a divisor such that ϕℓ(D) = 0. Then there exist a finite set I , functions
fi ∈ K∗ and numbers ai ∈ Zℓ, linearly independent over Z, such that for all
i ∈ I
suppX(fi) ∈ suppX(D)
and
D =
∑
aidiv(fi).
Proof. — We have a diagram
Ker(ϕ) → ⊕m∈MZDm ϕ−→ Λ ⊂ Pic(X) → 0
↓ ↓ ↓
Ker(ϕℓ) → ⊕m∈MZℓDm ϕℓ−→ Λℓ ⊂ Pic(X)ℓ → 0.
Since Pic(X) = NS(X) the map Pic(X)→ Pic(X)ℓ is injective and
rkZΛ = rkZℓΛℓ and rkZKer(ϕ) = rkZℓKer(ϕℓ).
In particular, Ker(ϕℓ) has a basis {Di}i∈I (over Zℓ), where each Di is a Z-
integral linear combinations of Dm (with m ∈ M) and is also in Ker(ϕ). It
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follows that Di = div(fi) for some function fi ∈ K∗ with support in D.
Finally, we can find a representation
D =
∑
i
aiDi,
with ai ∈ Zℓ linearly independent over Z (passing to a subset of I , if neces-
sary).
12. ℓ-adic analysis: curves
PROPOSITION 12.1. — Let k˜ be the closure of a finite field, char(k˜) 6= p, C
a curve over k˜ of genus g with function field E = k˜(C) and
Φ : Gak(P1) → GaE
be an isomorphism of Galois groups inducing an isomorphism on inertia
groups of divisorial valuation, that is, a bijection on the set of such groups
and isomorphisms of corresponding groups. Let
Φ∗ : k̂(P1)
∗ → Eˆ∗
be the corresponding dual isomorphism. Then E = k˜(P1) and there is a
constant a ∈ Z∗ℓ such that Φ∗(k(P1)∗/k∗) = a · E∗/k˜∗.
Proof. — Recalling the exact sequence (9.1), we have a commuting diagram
0 // Zℓ∆C(k˜) //M(C(k˜),Zℓ) // GaE //

Z2gℓ
// 0
0 // Zℓ∆P1(k) //M(P1(k),Zℓ) // Gak(P1) // 0 //
Since Φ is an isomorphism on inertia groups Iaw, for each w, the sets C(k˜)
and P1(k) coincide and we get a unique isomorphism of Zℓ-modules
M(C(k˜),Zℓ) =M(P1(k˜),Zℓ).
In particular, we find that g = 0 and E = k˜(P1). Further, we have an induced
isomorphism
Zℓ(
∑
w∈VE
δw) = Zℓ(
∑
w′∈V
k(P1)
δw′)
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so that
(
∑
w∈VE
δw) = a(
∑
w′∈V
k(P1)
δw′)
for some a ∈ Z∗ℓ . This implies that δw = aδw′ , for all w ∈ VE and the
corresponding w′ ∈ VP1 . In particular, for the dual groups we have
E∗/k˜∗ = (K∗/k∗)a,
where a ∈ Z∗ℓ .
13. ℓ-adic analysis: surfaces
Let K = k(X) be a function field of a smooth surface X over k. We will
need an ℓ-adic version of Lemma 10.1 .
PROPOSITION 13.1. — Let fˆ , gˆ ∈ FS(K) be such that
– ̺ν(fˆ , gˆ) = 0 for every ν ∈ DVK;
– suppK(fˆ) ∩ suppK(gˆ) = ∅.
Then there is a 1-dimensional field E = k(C) ⊂ K such that fˆ , gˆ ∈ Eˆ∗.
Proof. — By Lemma 11.7,
fˆ =
∏
i∈I
faii , resp. gˆ =
∏
j∈J
g
bj
j ,
where
– I, J are finite sets;
– fi, gj ∈ K∗ for all i, j;
– ai ∈ Zℓ (resp. bj ∈ Zℓ) are linearly independent over Z.
Fix a valuation ν and choose a (smooth) model X so that ν = νD for some
divisor D ⊂ X . Then
̺ν(fˆ , gˆ) =
∏
̺D(fi, gj)
and we can compute it using only those pairs fi, gj which have D in their
support. In particular,
fˆmg/gˆmf =
∏
(f
aimj
i /g
bjmi
j ),
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where mj (resp. mi) is the order of gj (resp. fi) on D. This order vanishes
unless D ∈ supp(fˆ) ∪ supp(gˆ). By assumption, if D ∈ supp(fˆ) then D 6∈
supp(gˆ) (and nj = 0) so that
̺D(fˆ , gˆ) ∈ kˆ(D)∗.
Since the nonzero numbers ai are linearly independent over Z the equality∑
aimi = 0 implies that mi = 0 (for all i) and that gD ∈ k∗.
Similarly, gD =
∏
(gj)
bj
D , where bj are linearly independent over Z, and
gD ∈ k∗ implies that (gj)D ∈ k∗ (for all j ∈ J). It follows that
̺ν(fi, gj) = 0
for all fi, gj and every valuation ν = νD. By Lemma 10.1, all fi, gj belong to
the same 1-dimensional field E ⊂ K and hence fˆ , gˆ ∈ Eˆ∗.
REMARK 13.2. — For every f ∈ K∗ the element g = (f + a)(f + b) where
a 6= b and ab 6= 0, satisfies the conditions of Proposition 13.1.
PROPOSITION 13.3. — Let K∗ ⊂ FS(K) ⊂ Kˆ∗ be a subset with the fol-
lowing properties:
– K∗ is closed under multiplication;
– K∗∩ Eˆ∗ = aE ·E∗/k∗ for every 1-dimensional subfield E = k(x) ⊂ K,
with aE ∈ Z∗ℓ ;
– there exists a ν0 ∈ DVK such that
{[δ0, fˆ ] | fˆ ∈ K∗} ≃ Z
for a topological generator δ0 of Iaν0 .
Then K∗ ⊂ K∗/k∗ ⊗ Z(ℓ).
Proof. — For x ∈ K \ k let E = k(x) be the corresponding 1-dimensional
field. By assumption, there exists an aE ∈ Zℓ such that
K∗ ∩ Eˆ∗ = aE · E∗/k∗.
If some (any) topological generator δ0 of Iaν0 is not identically zero on Eˆ∗
then there exists a (smooth) model X , where ν0 is realized by a divisor D0,
together with a morphism
X → P1 = P1E
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such that D0 dominates P1. It follows that
aE ∈ Q ∩ Z∗ℓ = Z(ℓ).
It remains to observe that every x ∈ K∗ can be written as a product
x = x′ · x′′
such that δ0 is nontrivial on both E ′ = k(x′) and E ′′ = k(x′′).
COROLLARY 13.4. — After a choice of δ0, for every 1-dimensional E ⊂ K
and every f ∈ E∗/k∗ we can Galois-theoretically distinguish its poles from
its zeroes.
The last essential step is a Galois-theoretic characterization of the partial
projective structure on K∗/k∗, more precisely, the characterization of gen-
erating elements and primary lines in K∗/k∗ (see Definition 2.5 and Exam-
ple 3.10).
LEMMA 13.5. — Let x ∈ K∗ be a generating element, E := k(x) and
r = r(x) ∈ N the smallest positive integer such that xr ∈ K∗. Then
– r = pm for some m ∈ N (with p = char(k));
– (E∗/k∗) ∩ (K∗/k∗) = (Epm)∗/k∗;
– (pointwise) pm-th powers of primary lines in E∗/k∗ coincide with pri-
mary lines in (Epm)∗/k∗.
Proof. — The first property follows since K/K is a finite purely inseparable
extension, by Propositions 2.11 and 13.3. Next, we claim that a generator
y ∈ K is a pm-th power of a generator of K (for some m depending on y).
Indeed, E := k(y)K ⊂ K is a finite and purely inseparable extension of k(y),
E := k(x) (for some x ∈ K). Thus
y = (axp
m
+ b)/(cxp
m
+ d) = ((a′x+ b′)/(c′x+ d′))p
m
for some m ∈ Z, a, b, c, d ∈ k and their pm-th roots a′, b′, c′, d′ ∈ k (since k
is algebraically closed).
In particular, a generator y ∈ K∗ is in E∗ ∩ K∗ (and is the minimal positive
power of a generator in E contained in E∗ ∩ K∗). This implies the third
property: the generators of Epm are pm-th powers of the generators of E.
COROLLARY 13.6 (Definition). — Assume that y, y′ are primitive elements
in (Epm)∗ ⊂ K∗ such that
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– y, y′ have support in 2 points;
– the pole of y coincides with the pole of y′.
Then (the images of) y, y′ in K∗/k∗ are contained in a primary line passing
through (the images of) 1, y, y′.
Proof. — Definition 9.1 and Lemma 9.2 give a Galois-theoretic characteri-
zation of the notion “support in 2 points”. By Corollary 13.4 we can Galois-
theoretically distinguish zeroes and poles of y ∈ K∗/k∗. It remains to apply
Lemma 13.5.
14. Proof
In this section we prove our main theorem: if
(GaK ,ΣK) = (GaL,ΣL),
where L is a function field over an algebraic closure of a finite field of char-
acteristic 6= 2, ℓ, then K is a purely inseparable extension of L.
Step 1. We have a nondegenerate pairing
GaK × Kˆ∗ → Zℓ(1).
This implies that Kˆ∗ = Lˆ∗.
Step 2. We identify intrinsically the inertia and decomposition groups of
divisorial valuations:
Iaν ⊂ Daν ⊂ GaK :
every liftable subgroup σ ∈ ΣK contains an inertia element of a divisorial
valuation (which is also contained in at least one other σ′ ∈ ΣK). The cor-
responding decomposition group is the “centralizer” of the (topologically)
cyclic inertia group (the set of all elements which “commute” with inertia).
This identifies DVK = DVL.
Step 3. For every ν ∈ DVK we characterize intrinsically
Iaw ⊂ Daν/Iaν
(see Proposition 9.3).
FUNCTION FIELDS 39
Step 4. We distinguish divisorial valuations with nonrational centers (see
Lemma 9.4 and Remark 9.5).
Step 5. For fˆ ∈ Kˆ∗ we have two notions of support: suppK(fˆ) (intrinsic)
and suppX(fˆ) (depending on a model X) and two notions of finiteness: fˆ is
nontrivial on at most finitely many nonrational divisorial valuations ν, resp.
fˆ has finite divisorial support on a model. We defined FS(K) ⊂ Kˆ∗ as the
set of elements satisfying the first notion of finiteness. If some (any) model X
of K contains only finitely many rational curves, both notions of finiteness of
support coincide and one obtains an intrinsic Galois-theoretic characterization
of K∗/k∗ ⊗ Zℓ ⊂ Kˆ∗, as elements in FS(K). In general, it may happen that
some g ∈ L∗/l∗ has an “infinite rational tail” on some (every) model X of K:
ρX(g) = ρX,nr(g) +
∑
j≥1
njCj,
where Cj are irreducible rational curves on X . In Lemma 11.6 we show
that a many (and consequently, all) elements of L∗/l∗ ⊂ FS(L) = FS(K)
have finite support on every model X of K, and vice versa. In particular,
K∗/k∗ ⊗ Zℓ = L∗/l∗ ⊗ Zℓ.
Step 6. For every pair of elements fˆ , gˆ ∈ FSX(K) satisfying
– suppK(fˆ) ∩ suppK(gˆ) = ∅;
– ̺ν(fˆ , gˆ) = 0 for all ν ∈ DVK
there exists a subfield E = k(C) ⊂ K such that fˆ , gˆ ∈ Eˆ∗ (Proposition 13.1).
Step 7. Since Pic(X) = NS(X) every such subfield E = k(x) for some
x ∈ K∗.
Step 8. Proposition 12.1 identifies E∗/k∗ inside Eˆ∗, up to conformal equiv-
alence.
Step 9. Proposition 13.3 identifies K∗ := K∗ ∩ L∗ (as a multiplicative
group) with a multiplicative subgroup of K∗/k∗ ⊗ Z(ℓ).
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Step 10. By Proposition 2.11, K∗ is a multiplicative group of a field so that
both K and L are finite purely inseparable extensions of this field. It remains
to insure that the additive structure on K∗ is intrinsically defined.
Step 11. By Theorem 3.7 and Proposition 3.11, the field is uniquely deter-
mined by the partial projective structure.
Step 12. Lemma 13.5 and Corollary 13.6 give a Galois-theoretic character-
ization of generating elements and primary lines in K∗/k∗. Proposition 2.10
and Example 3.10 show that these define a (unique) partial projective struc-
ture on K∗/k∗ (in particular, the projective structures induced by P(K) and
P(L) coincide).
Step 13. If follows K/K and L/K are finite purely inseparable extensions
of the same field. This concludes the proof of Theorem 1.
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